Journal of Sound and Vibration (2001) 244(5), 747-759 R
doi:10.1006/jsvi.2000.3541, available online at http://www.idealibrary.com on IIIE§|.ib

®

AN EXACT SERIES SOLUTION FOR CALCULATING
THE EIGENFREQUENCIES OF ORTHOTROPIC PLATES
WITH COMPLETELY FREE BOUNDARY'

S. HurLEBAUS AND L. GAUL

Institute A of Mechanics, University of Stuttgart, Allmandring 5 b, D-70550 Stuttgart, Germany.
E-mail: L.gaul@mecha.uni-stuttgart.de

AND

J. T.-S. WaNG

School of Civil and Environmental Engineering, Georgia Institute of Technology,
Atlanta, GA 30332, U.S.A.

(Received 20 July 2000, and in final form 7 November 2000)

An analysis for solving boundary value problems in structural mechanics which was
proposed by Wang and Lin (1996 Journal of Sound and Vibration 196, 285-293; 1999 Journal
of Applied Mechanics 66, 380-387) [1, 2] has been extended to the calculation of the
eigenfrequencies of an orthotropic plate under all free boundary conditions. The
convergence of the series solution is assured and the procedure leads to pointwise exact
solutions. The calculated eigenfrequencies have been verified by a different approach and
indicate that the present method is simple and effective.
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1. INTRODUCTION

Vibrations of plates have been frequently studied. While Chladni [3] pioneered
experimental investigations, Navier and Levy obtained analytical solutions for special
boundary conditions [4]. Unfortunately, there exists no closed-form solution for the case of
a rectangular plate with all free boundary conditions, but several approximate methods
have been proposed. Warburton [5] used characteristic beam vibration functions in
Rayleigh’s method [6] to obtain a useful and simple approximate expression for the natural
frequencies of vibration of thin, isotropic plates. His work was extended by Hearmon [7]
and applied to specially orthotropic plates, and by Dickinson [8], who included the effect of
uniform direct, in-plane loads. Warburton’s expression and its generalizations, together
with a table permit the straightforward calculation of the natural frequencies of plates
having any combination of free, clamped, or simply supported edges. However, should one
or more free edges exist then the accuracy of the frequencies can be significantly diminished.
Kim and Dickinson [9] provided an improved approximate expression, where they use
Rayleigh’s method but in combination with the minimum potential energy theorem. Iguchi
[10] gave solutions of an isotropic rectangular plate. However, the determination is limited
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to square plates only. Rajalingham et al. [11] reduced the plate vibration equation to
simultaneous ordinary differential equations. However, only the results for plate
characteristic function parameters for clamped rectangular isotropic plates are given. Liew
and Lam [12] determined the vibration analysis of point-supported rectangular plates,
based on the Rayleigh-Ritz approach and a Gram-Schmidt set of orthogonal plate
functions. An approximate method was proposed, which is applicable to a wide range of
arbitrarily distributed point-supported plate problems with any combination of classical
boundary conditions. Leissa [13] presented comprehensive and accurate analytical results
for the free vibration of rectangular plates. Leissa applied the Ritz method [14] and
compared the results with the method of Warburton [5], although his work is limited to
isotropic plates. Leissa’s work was extended by Deobald and Gibson [15], who also applied
the Rayleigh-Ritz method to orthotropic plates. Gorman [16, 17] solved the differential
equation for isotropic as well as orthotropic plates using a superposition method, which
allows the boundary conditions to be met with desired accuracy.

Wang and Lin [2] presented a systematic analysis for solving boundary value problems
in structural mechanics, where a weighted residual form of the differential equations is used
with sinusoidal weighting functions. An overview of techniques of weighted residuals is
given in reference [18].

The approach of the present paper generalizes the proposed method by Wang and Lin
[2] by treating the vibration of orthotropic plates. The exact series solution is derived and
the results are applied to an orthotropic plate with specific material and geometrical
properties. A discussion of the results is given.

2. EXACT SERIES SOLUTION

Consider the classical Kirchhoff plate theory. The governing equation of motion for an
unloaded plate with thickness £ is

0’M 0*M 0*M, 0w
oyl o e p S0 1
0x? * 0x 0y * 0y? R ’ 1)

where M, ., M,, and M, are stress couples, w the out-of-plane displacement and p the plate
density. Weighting with cos o,,x cosy,y, where «, = mn/a and 7, = nn/b and integration
with respect to the plate area a x b gives

“ 62Mxx 62Mx 0*M. 0%w
Jo L ( ox* 2 0x a; + ayzyy + ph 6t2> cosa,xcosy,ydydx =0, ?)

where the first term of the integral can be integrated by parts as
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and the third term of the integral as

a rb aZM b ra
vy . a2
J J P cos a,,x cosy,ydydx Vi L L M,, cos o, x cosy,ydx dy

0JO
“ M
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y=>b ay

]dx. (@)

The second term is split into two parts. The first part considers the partial derivative with
respect to x first

b
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while the second part considers the partial derivative with respect to y first
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0 Jo Ox0dy 0Jo
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0

The boundary conditions of a free plate are

M, M,
0= Mo My =0 and a (7
0x dy
oM, oM.,
Qyz_”’+_’°’=0 at y=0 and b, (8)
Jy 0x
M, =0 atx=0 and a, )
M,,=0 aty=0 and b (10)

and the separation of variables w(x, y, t) = W (x, y)exp (iwt) for steady state vibration with
circular frequency w leads to

a rb a rb
ZVnﬁ%mJ J M,y sino,, xsiny,ydydx + phwzf f W cos a,,x cosy,ydydx

0Jo 0JO
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Using the constitutive equations for orthotropic plates, where the principal directions of
orthotropy are parallel to the plate edges, leads to the moment curvature equations

o*w 0*w
Myy = — Dy {ayz + Vx 6_)(2}’ (12)
0*w 0*w
My =— D <—5 — 13
xx x{ axz + Vy ayz }s ( )
02w
Mxy = — 2ny m . (14)

Equation (11) is given in terms of the deflection shape W:
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0JO
where the plate stiffnesses are

E.h3 E h? G, 3
x Y and D, =—""—, (16)
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in which E, and E, are Young’s moduli in the x and y directions respectively, G, is the
shear modulus, and v, and v, are the Poisson ratios. Substituting equations (12-14) in
conjunction with equations (3-6) into equation (15) leads to
Jo
x=0

b ra
+ (Do + 2Hogys + Dyyn — pho?) f J W cos a,,x cos y,y dx dy
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ow
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where H =v,D, + 2D,,. Defining the partial derivatives of the displacement at the
boundary

ow

M8

— = W,,cosy,y along x = aq, (18)
X n=0

ow

— = Wgncosy,y along x =0, (19)

ax n=0
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ow i
=Y Wpcosa,x alongy=h,
I

Z W cosa,,x along y =0,

m=0
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(20)

(21)

where prime and asterix denote those coefficients associated to the partial derivative of
W with respect to x and y respectively. Assuming the general solution in the following form

so that rigid-body motions are included

F 2 F Z F
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+ > ) E,,C080,XC087,y
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and computing the double integral
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to be used in equation (17) gives
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Computing the integrals in equation (24) leads to
Foo =0,

4D o2
ab (Do — phw?)

a * *
FmO = <b [( — l)m ao — W()/O] + Vy E [me - Wm0]>>

4D ))2 b * *
Fop=——7"" — [ W — W — 1)'Weo, — W,
On Clb(Dy')): _ phwz) <vx 2[ an On] +a [( ) 0b OO])a

€08 tyX [(— 1)" Wiy COS 04X — Wi COS 0lX ] dx>.

(22)

(23)

(24)

(25)

(26)

(27)



752 S. HURLEBAUS ET AL.
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and finally the displacement W can be written as
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Using the symmetry condition
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and
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where ¢ =1 and —1 correspond to the symmetric and antisymmetric vibration modes
about y = b/2, respectively, and where d =1 and —1 correspond to the symmetric and
antisymmetric modes about x = a/2, respectively, the partial derivative of W with respect to
X is obtained as
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The second derivative with respect to x of both cases d =1 and —1 can be expressed as
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where e = 3(d + 1). Similarly, the second derivative of W with respect to y by applying the

same steps is given as
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where f=3(c +1). Using equations (12) and (13) and incorporating the boundary
conditions M,, =0 at x =0 and a and M,, =0 at y = 0 and b lead to
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Each coefficient of the cosa,,x and cosy,y has to vanish. What follows is a system of homogeneous algebraic equations:

%Aoo + m§1Am0 0 0 3Boo 3Bio 3B Wso 0
0 %Am + ,.21 At 0 By, Bi: B,, 1149 0

0 0 %AOZ + mi Amy - Bo, By, B, W, 0

1Doo 1Dy, iDo, %Coo + i Con 0 0 Wio ) 0

Do Dy, Dy, 0 %cm +§1cl,, 0 Wio 0

D5, D5, D, 0 0 %czo + ni Cop - Wso 0

Non-trivial solution requires the determinant of the coefficient matrix to vanish. From this determinant the eigenfrequencies of the plate are
calculated. The associated vibration modes are given by equation (29) after inserting the eigenfrequencies.
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Figure 1. Vibration modes.

3. EXAMPLE

In this section the previously derived expressions are applied to a specific orthotropic
plate with the geometrical and material properties shown in Table 1.

The calculated eigenfrequencies of this plate using the present method compared with the
values calculated by the superposition method [16, 17] are shown in Table 2. It is obvious
that the discrepancies are less than 0-05 per cent indicating excellent agreements. Figure 1

757



758 S. HURLEBAUS ET AL.

TaBLE 1

Dimensions and material properties of the plate

a, b (m) h (m) p (kg/m?3) E, (GPa) E, (GPa) G,, (GPa) Vi
0-254 0-001483 1584 1279 1027 7-312 0-22
TABLE 2

Natural frequencies of free—free orthotropic plate

Mode 11 02 12 03 20 13 21 22
Superposition 5176 6017 121-4 1659 2126 2286 2366 3049
Exact series 5174 60-17 1214 1659 2126 2285 2365 304-8

shows the corresponding eigenmodes of the orthotropic square plate with completely free
boundaries.

4. CONCLUSIONS

The present paper shows that the eigenfrequencies of an orthotropic rectangular plate
with completely free boundaries can be calculated by an exact series solution. The method is
based on a weighted residual scheme for the classical thin plate equation. The advantages of
the method are that the results converge quickly and can be calculated with the desired
accuracy; and after finishing the analytical derivation for the frequency determinant the
calculation of eigenfrequencies and vibration modes for given material data and geometry
becomes straightforward. The analysis approach is very convenient for sensitivity studies.
As the analytical solutions for the calculation of eigenfrequencies and modes are of
paramount importance for many applications such as the identification of constitutive
parameters from experimental plate testing [20], the present method of analysis provides an
efficient procedure for accurate results which should be of academic and practical
importance.
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